In this work we provide a link between a nearly vanishing cosmological constant and chiral symmetry. This is accomplished with a modification of General Relativity coupled to a topological field theory, namely BF theory by introducing fermions charged under the BF theory gauge group. We find that the cosmological constant sources a chiral anomaly for the fermions, providing a 'technical naturalness' explanation for the smallness of the observed cosmological constant. Applied to the early universe, we show that production of fermions during inflation can provide all the dark matter in the universe today, in the form of superheavy dark baryons.
Introduction
The cosmological constant reigns as one of the oldest and most challenging puzzles in contemporary physics. There is vast literature defining and debating cosmological constant problems [1, 2, 3, 4] , and a long history of attempts at solutions. Parallel to this, a central problem in modern cosmology is to understand the nature of dark energy; the mysterious energy source driving the accelerated expansion of the universe. Evidence for dark energy was first observed in the relationship between the luminosity and redshift of distant supernovae [5, 6] , and subsequently confirmed by observations of the cosmic microwave background and large scale structure [7] . The most recent analysis of the Planck experiment [8] gives the fraction of the universe comprised of dark energy as Ω Λ = 0.6847± 0.0073, differing from 0 at > 93σ.
Perhaps the simplest explanation for dark energy is that the evolution of our universe is described by general relativity with a small, positive cosmological constant. This demands a serious investigation of the cosmological constant problem, which itself long outdates the observations of dark energy (e.g. [2] and references therein). Motivated by this, the starting point for this work is to attempt to understand why quantum contributions to the cosmological constant do not gravitate. coupled theory and its main features, and in Section 4 construct a solution exhibiting a CC-induced chiral anomaly, as mentioned above. In Section 5 we compute the chiral asymmetry generated by the observed cosmological constant and find it is well within observational bounds, while in 6 we consider the chiral asymmetry generated by inflation, and find it can explain the observed dark matter abundance. We conclude in section 7 with a discussion of directions for future work.
Non-Renormalization of the cosmological constant in BF-Coupled Gravity
In this section, we give an overview of a model proposed in [16] that solves aspects of the cosmological constant problem. The approach taken in that article couples a conformalized version of Einstein gravity to a topological field theory, namely BF theory. We review the key features of BF theory, and introduce the model presented in [16] as our starting point, giving particular attention to the fact that the cosmological constant that gravitates in that model does not receive corrections from quantum loops, thus solving important aspects of the cosmological constant problem.
BF theory
We now give a very brief overview of BF theory, giving particular attention to the classical field-theoretic aspects. For a thorough introduction to the subject including the quantum theory and relations to computing sopolical invariants, see for example [22] . Let M be a smooth manifold, G be a semi-simple Lie group, and let π : P → M be a G-principal bundle over M , equipped with a connection A which we view as a g-valued one-form on M , where g is the Lie algebra of G.
In any number of spacetime dimensions n = dim(M ), one can define a topological field theory via the so-called BF action:
where B is an adjoint valued (n − 2)-form, and F = dA + A ∧ A is the curvature two-form of the connection A. We consider an arbitrary semi-simple gauge group, in which case the trace appearing in the action is understood to be defined in terms of the non-degenerate Killing form associated on the Lie algebra. In three or four dimensions, it is possible to include an additional term in the action depending on a "cosmological constant" µ. In three dimensions, one can consider
When the gauge group G = SO(2, 1) is chosen, it can be shown that I 3 is a first-order action for (2+1)-dimensional Einstein gravity formulated in terms of a vierbien and spin connection. In four dimensions, one can consider
In what follows, we will restrict our considerations to four spacetime dimensions, so let us concentrate our focus on S 4 . Varying S 4 with respect to A and B respectively give
The action S 4 is invariant under two sets of gauge transformations. First, we have invariance under the usual transformation of the connection A, provided B transforms accordingly. Given a local gauge parameter g, S 4 is invariant under the combination
Second, S 4 is invariant under transformations parametrized by a Lie algebra valued oneform η given by
The latter set of gauge transformations imply that B is locally pure gauge, thus only the topological features of B are relevant. In the gravity model of [16] which we are now ready to introduce, this will no longer be the case: the action we will study is invariant under the usual gauge transformations (2.5) but not the second set of transformations (2.6) . This is a good thing, since in what follows we interpret tr(B ∧ B) as a spacetime volume form, but a transformation of the form (2.6) can always be used to set tr(B ∧ B) to zero.
BF-Coupled Gravity
The theory we propose has the remarkable feature in that it contains the Einstein field equation where the cosmological constant drops out and reappears in a hidden BF sector without disrupting the visible sector. We begin by considering a theory coupling BF theory [23, 24] with gravity, as proposed in [16] . The action reads
where F = dA + A ∧ A is the field strength two form associated with the non-abelian gauge field A, B is a maximal rank, adjoint-valued two-form, and we restrict attention to the case dim(M ) = 4. The quantity R(ĝ) appearing in the action is the Ricci scalar associated with the Lorentzian metricĝ µν which is defined as follows. Since we assume that B is maximal rank, tr(B ∧ B) is a volume form on M . This volume form determines a density ω, represented in a given coordinate system by
The action (2.7) depends on an arbitrary Lorentzian metric g µν , while the "physical" metriĉ g µν is defined in terms of g µν and B bŷ
g µν .
(2.9)
Note that (2.8) implies that √ĝ = √ ω, so that the information of the physical spacetime volume is completely encoded in the volume form B ∧ B, or equivalently, the density ω.
Varying (2.7) with respect to B, A and g µν respectively, leads to the following equations of motion
where T µν is the stress tensor defined as the variation with respect toĝ,
The Einstein equation (2.12) is traceless Einstein equation. The trace of the Ricci curvature is determined by solving the three equations in conjunction. This theory exhibits the interesting feature thatΛ, i.e. the quantity appearing in the action and path integral, is not the physical cosmological constant, i.e., it does not contribute to the curvature of spacetime. To see this, one can take the covariant exterior derivative of (2.10), and use equation ( This, in conjunction with (2.12), fully specifies the behaviour of gravity and matter in the universe aside from the BF-theory. One can appreciate that the cosmological constant appearing is notΛ, which is subject to loop corrections, but instead Λ, which can be freely chosen.
We emphasize that this is not a cancelation; the renormalized quantityΛ drops out of (2.14) simply because it is, by definition, a constant. This implies that this procedure can protect the cosmological constant from renormalization at all times in the evolution of the universe, as opposed to a canonical renormalization group counter-term.
Thus this theory resolves one aspect of the cosmological constant problem: why is the cosmological constant not renormalized to a large value by vacuum bubbles in quantum field theory? However, another aspect remains: why is the observed cosmological constant small by comparison to any other quantity in physics. This is sometimes referred to as the "new" cosmological constant problem. In later sections, we will see this is naturally addressed by the inclusion of charged fermions.
Extension to Matter-Coupled BF Theory
Since the above model includes a dynamical gauge field A, it is natural to couple the model also to a fermion field ψ, which for simplicity we take to be massless. For an arbitrary, semi-simple, non-abelian gauge group, such a massless fermion is described by the Dirac Lagrangian
where g is the gauge coupling. The full action becomes,
and the equations of motion are given by,
where we have defined the fermion current j µ as
Similarly, we define the axial vector current j 5µ according to
The equations of motion are supplemented by the canonical anomaly equations of quantum field theory. Namely, the fermion currents j µ and j 5µ satisfy
and
The latter of of these is the standard chiral anomaly. We note that FF is simply the component form of tr(F ∧ F). As such, the chiral anomaly directly relates ∇ µ j µ5 to the right-hand-side of (3.4), 1 2κ [4Λ + R(ĝ) + κT ]B. The fermions also contribute to the stress-energy tensor of the theory. From the definition (2.13), it is given by [25] 
(3.11) This is in addition to other matter contributions to T µν , e.g. from the matter and radiation components of the universe.
This theory exhibits a number of interesting properties which we will now explore.
Time-Dependence of Dark Energy
We define Λ ≡ 1 4 (R + κT ) as in the theory without fermions. This theory not only allows for dark energy, i.e a spacetime dependence of the cosmological constant, but instead, in the presence of a net particle number of fermions, demands it. We can see this as follows: from the equation of motion of A, the fermions source a non-zero d A B:
Taking the covariant exterior derivative of (3.4), one finds that d A B is a source for dark energy:
Thus, if the fermions have a non-vanishing bilinear ψ γ µ ψ , the cosmological 'constant' is necessarily non-constant. Moreover, the spacetime dependence is proportional not to just the gravitating cosmological constant Λ, but the sum Λ +Λ.
Torsion and Non-Conservation of the Stress-Energy Tensor
It is well known that fermion fields source a torsion contribution to the gravitational connection. More precisely, the connection is given by [26] ω
where ω µνρ = ω µab e a ν e b ρ is the spin connection written in a coordinate basis, ω
is the unique, metric compatible, torsion-free spin connection, and is the K µνρ contorsion tensor (3.15) defined as the difference between the unique torsion-free Levi-Civita connection and a given torsionful connection that is compatible with the same metric. This in itself can play an interesting role in cosmology; for example, the torsion induces a 4-fermion interaction, which can trigger a condensation of fermions akin to superconductivity [27] . This phenomenon has been proposed as model of dark energy in [28] , and a similar condensation as dark matter in [29] .
A familiar feature of torsionful theories is the non-conservation of the stress-tensor. We will now show that in the present model, when the fermions have a non-vanishing bilinear ψ γ µ ψ = 0 inducing a varying effective cosmological constant, the stress tensor is similarly not conserved.
Taking the covariant derivative of (3.5) with respect to the torsionless connection,
and using the contracted Bianchi identity ∇ µ R µ ν = 1 2 ∂ ν R, one finds,
Thus the variation of the cosmological constant, e.g. the time-dependence of dark energy, sources a non-conservation of the stress energy tensor. Evidently, the degree to which energy and momentum conservation can be violated in this theory is tied to the variation of the effective cosmological constant. Since we expect only small variations in the cosmological constant are consistent with observed cosmological dynamics, it is natural to assume that any violation of the conservation of the stress tensor is correspondingly small.
Dark Energy as Chiral Asymmetry
A striking implication of the matter-coupled theory is a connection between the cosmological constant and the chiral anomaly. If we define Λ as the cosmological constant via R(ĝ) + κT = 4Λ, inserting equation (3.4) into the chiral anomaly (3.10) gives,
We note that, in the solution constructed here, the above implies an equal production of particles and anti-particles. This particle production is thus sourced by the full cosmological constant; both the quantum pieceΛ and the classical piece Λ contribute to the breaking of chiral symmetry. However, by construction, only the classical piece gravitates, as in the theory without fermions, equation (2.15), and observations demand that it must be small. Thus the quantum CC problem must be solved in some other way than the traditional tuning of Λ to cancel the quantum contributions.
In what follows we can see this in an explicit solution to the full set of equations of motion. We will see that the quantum contributions can be cancelled via a counter-term contained completely within the BF-sector.
To simplify the analysis, in this section we specialize to an Abelian group, G = U (1), and assume no direct couplings to other fields, such that constraints on dark U(1)'s, see e.g. [30, 31, 32, 33, 34] do not apply. We consider an FRW space, with metric
We take an ansatz for the B-field as,
with
(4.4)
We will see below that the function f (t) encodes the time-dependence of dark energy. Note that (4.4) implies that
so that we have
We make an ansatz for the fermion fields that there is a chiral asymmetry but no net particle number, consistent with the anomaly equations (3.9) and (3.10) . We assume that the fermion fields correspond to currents given by
Physically, this corresponds a system with a chiral asymmetry but no net particle number.
Recall that the currents can be expanded as left-and right-handed currents as,
for the vector current, while for the axial current
We consider a configuration with n R = −n L =n and j i L = −j i R . In this case the only non-vanishing current components are j i and j 05 . We can easily check that this solves vector current conservation: ∂ i (a 3 j i ) = 0 because j i is space-independent and ∂ 0 (a 3 j 0 ) = 0 because j 0 = 0. There are more interesting consequences of the chiral anomaly.
We can now proceed to solve the equations of motion. We define the physical cosmological constant Λ as in the fermion free case, Λ ≡ 1 4 (R + κT ).
(4.11)
The dynamics of Λ are governed by the field content. Substituting B into (3.3), we find
Inserting this into (3.13), we find
which has solution
where λ 0 is an integration constant. Now that we have established Λ +Λ = f (t), we can solve also for the gauge field A. Returning to the ansatz (4.3), (4.4) for the B field, and making use of the equation of motion (3.4) relating B and F, we find an explicit expression for the field strength two-form
where
Noting that for an Abelian gauge group F = dA, it is straightforward to check that, up to gauge transformations A → A + dϕ, we have
This completes the solution to the field content, up to integration constants and the unspecified function f (t).
The chiral anomaly takes a simple form for the above ansatz for the fields. It reads,
As anticipated in equation (4.1), this exhibits a re-emergence of the quantum CC problem: ifΛ is large, this leads to a large fermion production, and the universe will rapidly become dominated by these fermions. We emphasize that the canonical way to cancel the large quantum contribution to the cosmological constant in the Einstein equation is to fine-tune the bare value of the CC. In the present scenario, the quantum cosmological constant problem has shifted into the chiral anomaly, which is sourced by tr(F ∧ F). Moreover, it cannot be cancelled by the classical contribution Λ, which is distinct from the bareΛ, since observations demand the physical cosmological constant, Λ, be small. This demands an entirely new solution to the quantum CC problem.
Interestingly, this cosmological constant problem can be cancelled entirely within the BF sector, via a shift in F. We can see this as follows. Consider the action with a quantum CCΛ:
When B is closed, we can shift F as F → F − Λ c.t. B, where c.t. stands for "counter-term", and the action reads, This allows for a cancellation of theΛB contribution to F, and hence to the chiral anomaly, via a cancellation ofΛB withF. An interpretation of this is follows: the above corresponds to a renormalization of the instanton number of the BF-sector.
With this in mind, we consider the possibility that the quantum CC problem has been resolved, e.g., by cancelling the quantum contributions with Λ c.t. . We leave open the possibility that it could alternatively be resolved by an unrelated and independent mechanism for addressing quantum aspects of the CC problem. In any case, this would leave only Λ in the chiral anomaly:
In this case, the global U(1) chiral symmetry is restored in the limit Λ → 0. This implies the resolution to the new CC problem, namely the smallness of the observed value of the cosmological constant, is that it is technically natural [18] , since there is an enhanced symmetry when Λ = 0. Technical naturalness arguments for the CC have been made before, e.g. [35, 36] . In the present context, this arises as a remarkable connection between the physics of the deep IR, namely the curvature of spacetime, and physics of the UV, namely vacuum production of particles. This provides a quantum solution to an a priori classical CC problem.
Particle Production from ΛCDM
The theory we have constructed here connects the vacuum production of fermions to the dark energy content of the universe. An important consistency check is that the production due to the observed cosmological constant does not substantially alter the content or evolution of the universe. To this end, here we will consider the production of particles in our universe given the ΛCDM parameters, in particular Λ, as experimentally measured by the Planck collaboration [8] .
For simplicity, we take an Abelian group G = U (1), as in the previous section. We fix Λ c.t. =Λ and define,
where Ω Λ H 2 0 is the present day cosmological constant (we normalize a(t 0 ) = 1), and we define w DE as the equation of state of dark energy. This is equivalent to choosing the function f (t) as,
and similarly λ 0 = Ω Λ H 2 0 . Also recall that in the current setup, the chiral asymmetry corresponds to an equal production of particle and antiparticles, i.e.
where we define n tot as the total number of particles and antiparticles. Provided that the number density and gauge coupling are small, the number density is unaffected by annihilations, similar to WIMP cold dark matter. The present day total number density is given by the integral expression,
This can expressed as an integral over redshift space as,
where H(z) is the Hubble parameter. To approximate this, we split the integration into three periods: dark energy domination (z < 1), matter domination (1 < z < 3000), and radiation domination (z > 3000). This gives,
Following Planck 2018 [8] , we take w DE = −0.95, Ω Λ = 0.6897, Ω M = 0.3103, Ω r = 6.9 × 10 −5 . We express the number density as a ratio to the entropy density of the universe,
with g γ = 2 and g ν = 2 × 7/8. The resulting chiral asymmetry is,
Thus we see the small observed cosmological constant corresponds to an extremely small chiral asymmetry for the dark fermion. This implies that the vacuum particle production induced by the present observed CC is far from observable. It also implies that the technical naturalness of the CC does not simultaneously provide an anthropic preference for a small CC, since large departures in Λ would leave n tot still far from observable, let alone inhospitable to life. However, we emphasize that the lack of an anthropic argument has no relevance to the status of the technical naturalness; on the contrary, technical naturalness is appealing as an alternative to anthropics.
Inflationary Production of Dark Matter
We have seen the present acceleration of the universe generates a negligible particle number. However, the far past of the universe may have undergone an accelerating phase with a far greater vacuum energy. This is the central hypothesis of inflationary cosmology [19] , which posits a phase of quasi-de Sitter expansion.
The inflationary universe can be realized in the present model through the timedependence of Λ, encoded in (4.14) by the functional freedom to choose f (t). Inflation driven purely by Λ, with no other field content, corresponds to a slowly-varying f (t), and inflation ends at some time at which f (t) undergoes a steep drop in value. More generally, Λ(t) may be sub-dominant but non-negligible to the inflationary energy density, with inflation proceeding along conventional lines, e.g. via a scalar field ϕ with a potential V (ϕ).
An interesting cosmological possibility is that the origins of dark matter could lie in the physics of inflation. This idea has been widely explored, e.g. [29, 37, 38, 39, 40, 41, 42] Here we explore this possibility in the present context, with particle production induced by the chiral anomaly (4.23).
We take Λ H 2 a constant, where H is the Hubble scale during inflation. We write the chiral anomaly, i.e. the equation of motion for n tot , using as time coordinate the number of e-folds of expansion, defined as dN = Hdt. We find
The solution to this is given by,
where c is an integration constant. For a large number of e-folds of inflation, the second term is negligible. Thus we can approximate,
where t i is the end of inflation. This constitutes the total number of particles at the end of inflation. The number density at subsequent times, provided the gauge coupling and density are too low to allow significant particle-antiparticle annihilation, and neglecting the small production considered in the previous subsection, simply scales as matter,
where H i refers to the Hubble scale during inflation. This follows directly from solving (4.14) , with Λ 0 in the post-inflationary universe. We now seek to understand the circumstances under which this can constitute the dark matter in our universe.
An Abelian group will not suffice. For massless particles and an Abelian gauge group, the subsequent cosmological dynamics are boring: the energy density redshifts as radiation, and hence the fermions constitute a form of dark radiation, that can can never come to dominate the universe. One could of course ameliorate this by adding additional fields, e.g. a dark Higgs field which generates a mass for the fermions, but will not consider such detailed model building here.
For a non-Abelian group, much more can happen. In particular, this opens the possibility of confinement, such that dark matter today is in the form of dark baryons. This idea has been explored in, e.g., [20, 21] . With primordial baryons, the cosmological evolution is similar that of the "superheavy dark matter" scenario [42, 43, 44, 45, 46, 47, 48] : the primordial abundance of dark matter redshifts like matter, such that the number of particles per Hubble volume grows with the scale factor during radiation domination, and can provide all the dark matter in the universe today. The superheavy DM in the present case is dark baryons; or more precisely, an equal and opposite amount of dark baryons and dark anti-baryons.
We can see this in a concrete example. We consider the group SU (3) with one flavour of Dirac fermion. There are 3 particles per baryon, and hence the total number density of dark baryons is n tot /3. The mass of the dark baryons is predominantly determined by the binding energy, which scales with the strong coupling of the theory. We denote the dark sector strong coupling scale as Λ D . Absent an experimental measurement that anchors the coupling at some energy scale, the strong coupling scale is a free parameter. The energy in the dark baryons is then given by,
where t c is the time at which the fermions confine, related to the fermion density produced by inflation by equation (6.4). One can easily compute the requisite Λ D for the fermions produced during inflation to be all the dark matter today. As in canonical inflationary production of dark matter, there is very little impact of baryon-antibaryon annihilation on the number density, since the primordial density is extremely low relative to standard thermal history for dark matter, and the system is far from equilibrium. Using the results of e.g. [42] , we find the present abundance,
where T re is the reheating temperature and T 0 is the present CMB temperature. Assuming instant reheating, For Λ D and H satisfying the above, the chiral anomaly during inflation is sufficient to produce the observed dark matter abundance. As a simple example, for Λ D ∼ H, one finds H 10 7 GeV gives the correct relic density of dark matter, in the form of dark baryons of mass Λ D ∼ 10 7 GeV, constituting a realization of superheavy dark matter. We postpone an in depth analysis of this dark matter scenario for future work. For example, a precise calculation of the number density including the non-adiabatic evolution of the vacuum state at the end of inflation [43, 44] , the impact of known constraints on dark baryon dark matter [20] , and the impact of CMB isocurvature constraints [49] . One could also consider dark mesons in addition to or in place of dark baryons. For the moment we conclude that the matter coupled BF-gravity provides a connection between inflation and dark matter production, which may be able to produce the entire observed abundance of dark matter.
Discussion
The cosmological constant has both inspired and confounded physicists for decades. One approach to this problem is to modify the Einstein-Hilbert action in such a way that the cosmological constant, or at least the piece of it which gravitates, is not renormalized. A specific proposal along these lines ( [16] ) is to couple gravity to a topological field theory, and have the fields of the latter theory absorb all quantum corrections to the vacuum energy.
In this work we have extended [16] to include matter charged under the BF gauge group. We have constructed FRW solutions satisfying all the equations of motion, including one with a striking implication: the chiral anomaly. We find, eq. (3.10), that the U (1) A axial symmetry of charged fermions is broken by a non-zero cosmological constant. In the limit of vanishing cosmological constant, the symmetry is restored. This makes a small cosmological constant technically natural [18] .
A consequence of this chiral anomaly is that any non-zero cosmological constant will source the production of particles out of the vacuum. Given the observed ΛCDM parameters, this is a miniscule effect. However, in the early universe, when the vacuum energy of the universe may have been much larger (e.g. during inflation), the effect can be drastic. In particular, the production of particles can explain the entire observed dark matter abundance.
There are many directions for future work. The dynamics of cosmological perturbations and the formation of structure remain to be studied in the scenario of [16] . In particular, applied to the early universe, any modification to the dynamics of cosmological perturbations may be relevant to inflationary model building and the predictions of inflation. It will also be interesting to consider the realization of alternatives to inflation, such as non-singular bouncing cosmology (see e.g. [50, 51, 52, 53] ). Finally, a striking implication of the setup considered here is that a cosmological constant is in general not possible, and instead, by equation (3.13), Λ has a spacetime dependence dictated by the fermion vector current. This is especially interesting considering the renewed debate as to the existence of exact de Sitter space in quantum gravity [54] , see also e.g. [55] , and slightly older works such as e.g. [56] . We leave these interesting possibilities to future work.
